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The structures of cyclic groups and cyclic modules are fundamental topics 

in abstract algebra. While their individual structures are well-established, 

the precise conditions that link them over an arbitrary ring 𝑅 are often not 

detailed in the literature. This paper aims to find the necessary and sufficient 

conditions for a finite cyclic group 𝐺 of order n to be a cyclic 𝑅-module for 

an arbitrary ring 𝑅. The method used in this research is by utilizing the 

fundamental theorem stating a relationship between an abelian group 

viewed as a ℤ-module and a ring homomorphism from 𝑅 to the ring of 

endomorphism of its group, which is isomorphic to ℤ𝑛. The result of this 

research is a theorem proving that a finite cyclic group 𝐺 of order 𝑛 can be 

endowed with the structure of a cyclic 𝑅-module if and only if there exists 

a surjective ring homomorphism from 𝑅 to ℤ𝑛 (the ring of integers modulo 

𝑛). This finding establishes a clear connection between these algebraic 

structures.  

 

Keywords: Cyclic Group; Cyclic Module; Ring Homomorphism; 

Endomorphism Ring; Module Theory. 

I. Introduction 

The origin of group theory is from the theory of equations. Évariste Galois worked on permutation 

groups, which Arthur Cayley then formulated into the abstract group so it could be applied more broadly 

[1-3]. Unlike group theory, which came from a single problem, ring theory originated from the theory 

of algebraic number fields, the theory of algebraic functions, the theory of polynomial forms, the theory 

of quaternions and hypercomplex numbers, and others. It was Emmy Noether who unified these different 

theories [4-5]. Modules, on the other hand, emerge as a generalization of vector spaces by using an 

arbitrary ring 𝑅 with identity rather than a field [6-8]. Formally, 𝑅-modules are abelian groups endowed 

with an action of 𝑅 [9-10]. 

A group is defined as cyclic if it is generated by a single element [11]. Each finite cyclic group of 

order 𝑛 is isomorphic to ℤ𝑛 (the additive group of integers modulo 𝑛) [12-14]. In module theory, a cyclic 

module is also generated by one element 𝑚 such that 𝑀 = 𝑅𝑚 = {𝑟𝑚 | 𝑟 ∈ 𝑅} [15]. It is also known 

that cyclic modules are isomorphic to a quotient module 𝑅 𝐼⁄  for some left ideal 𝐼 of the ring 𝑅 [16]. 

It is well known that an abelian group is a module over the ring of integers ℤ [17-18]. Since a finite 

cyclic group is abelian, it is a ℤ-module. However, the conditions for an arbitrary ring 𝑅 are less 

commonly known. This paper examines this specific problem by asking a question: When does a finite 

cyclic group of order 𝑛 become a cyclic module over an arbitrary ring 𝑅? To answer this question, we 

will utilize a theorem that states an abelian group 𝑀 can be viewed as a module over a ring 𝑅 if and only 

if there exists a ring homomorphism 𝜙 ∶ 𝑅 → Endℤ(𝑀), where Endℤ(𝑀) is the ring of endomorphisms 
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of 𝑀 [19]. Furthermore, to solve the problem, we will use the fact that the ring of endomorphisms 

Endℤ(ℤ𝑛) is isomorphic to the ring ℤ𝑛 for a finite cyclic group 𝐺 ≅ ℤ𝑛 [20]. 

This paper’s objective is to prove that a finite cyclic group 𝐺 of order 𝑛 can be endowed with the 

structure of a cyclic 𝑅-module if and only if there exists a surjective ring homomorphism from 𝑅 to ℤ𝑛 

(the ring of integers modulo 𝑛). This theorem establishes the connection between finite cyclic groups, 

rings, and cyclic modules. Thus, it can be a foundation for advanced module theory. 

II. Preliminaries 

To prove our main theorem, we will utilize two fundamental theorem. First, an abelian group 𝑀 can 

be viewed as a module over a ring 𝑅 if and only if there exists a ring homomorphism 𝜙 ∶ 𝑅 → Endℤ(𝑀), 

where Endℤ(𝑀) is the ring of endomorphisms of 𝑀. Second, for a cyclic group ℤ𝑛, a ring of 

endomorphisms Endℤ(ℤ𝑛) is isomorphic to the ring ℤ𝑛. 

For clarity, we state the following key definitions. 

 

Definition 1. [15] A group 𝐻 is cyclic if 𝐻 can be generated by a single element, i.e., there is some 

element 𝑥 ∈ 𝐻 such that 𝐻 = {𝑥𝑛  | 𝑛 ∈ ℤ} (where as usual the operation is multiplication). In additive 

notation 𝐻 is cyclic if 𝐻 = {𝑛𝑥 | 𝑛 ∈ ℤ}. 

In both cases we shall write 𝐻 = ⟨𝑥⟩ and say 𝐻 is generated by 𝑥 (𝑥 is a generator of 𝐻). 

 

Example 1. ℤ5 = {[0], [1], [2], [3], [4]} under addition mod 5 is a cyclic group generated by [1], ℤ5 =
⟨[1]⟩. 

 

Definition 2. [15] Let 𝑀 be an 𝑅-module. A submodule 𝑁 of 𝑀 (possibly 𝑁 = 𝑀) is cyclic if there 

exists an element 𝑎 ∈ 𝑀 such that 𝑁 = 𝑅𝑎, that is, if 𝑁 is generated by one element: 

𝑁 = 𝑅𝑎 = {𝑟𝑎 | 𝑟 ∈ 𝑅} 

 

Example 2. Let 𝑅 = ℤ and 𝑀 = ℤ5 = {[0], [1], [2], [3], [4]}, then 𝑀 is a cyclic ℤ-module. We can see 

that [1] generates 𝑀 because 𝑀 = ℤ ⋅ [1] = {𝑛 ⋅ [1] | 𝑛 ∈ ℤ} = {[0], [1], [2], [3], [4]}. 

 

Definition 3. [15] Let 𝑅 and 𝑆 be rings. A map 𝜑 ∶ 𝑅 → 𝑆 is called ring homomorphism if: 

(1) 𝜑(𝑎 + 𝑏) = 𝜑(𝑎) + 𝜑(𝑏) for all 𝑎, 𝑏 ∈ 𝑅. 

(2) 𝜑(𝑎𝑏) = 𝜑(𝑎)𝜑(𝑏) for all 𝑎, 𝑏 ∈ 𝑅. 

 

Definition 4. [15] Let 𝑀 and 𝑁 be 𝑅-modules. Define Hom𝑅(𝑀, 𝑁) to be the set of all 𝑅-module 

homomorphisms from 𝑀 into 𝑁. Hom𝑅(𝑀, 𝑀) is called the endomorphism ring of 𝑀 and will denoted 

by End𝑅(𝑀). 

 

Lemma 1. [20] The ring of endomorphisms of the group ℤ𝑛, denoted Endℤ(ℤ𝑛), is isomorphic as a ring 

to ℤ𝑛. 

 

Proof. 

Let 𝑓 ∈ Endℤ(ℤ𝑛). Because ℤ𝑛 is a cyclic group generated by [1], then every [𝑥] ∈ ℤ𝑛 can be written 

as the sum of [1] with itself 𝑥 times. It implies that 𝑓([𝑥]) = 𝑓([1] + [1] + ⋯ + [1]  (x times)) =

𝑓([1]) + 𝑓([1]) + ⋯ + 𝑓([1]) (x times) = [𝑥]𝑓([1]).  

 

Consider the map 𝛾 ∶ Endℤ(ℤ𝑛) → ℤ𝑛 given by 𝛾(𝑓) = 𝑓([1]). This mapping is a ring isomorphism 

because: 

i) 𝛾(𝑓 + 𝑔) = (𝑓 + 𝑔)([1]) = 𝑓([1]) + 𝑔([1]) = 𝛾(𝑓) + 𝛾(𝑔) for all 𝑓, 𝑔 ∈ Endℤ(ℤ𝑛). 

ii) 𝛾(𝑓𝑔) = (𝑓𝑔)([1]) = 𝑓([1])𝑔([1]) = 𝛾(𝑓)𝛾(𝑔) for all 𝑓, 𝑔 ∈ Endℤ(ℤ𝑛). 

iii) 𝛾 is injective because any endomorphism on ℤ𝑛 is uniquely determined by its value at [1]. 
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iv) 𝛾 is surjective because for all [𝑘] ∈ ℤ𝑛 there exists an 𝑓([𝑥]) = [𝑘][𝑥] ∈ Endℤ(ℤ𝑛) such that 

𝛾(𝑓) = 𝑓([1]) = [𝑘]. 

III.  Results and Discussion 

This paper will show us the condition that connect a finite cyclic group and cyclic modules by 

proving the theorem below: 

 

Theorem 1 Let 𝐺 be a finite cyclic group of order 𝑛, and let 𝑅 be a ring with a multiplicative identity. 

The group 𝐺 can be endowed with the structure of a cyclic 𝑅-module if and only if there exists a 

surjective ring homomorphism from 𝑅 to ℤ𝑛 (the ring of integers modulo 𝑛). 

 

Proof. 
(⇒) Note that any finite cyclic group of order 𝑛 is isomorphic to ℤ𝑛 (the additive group of integers 

modulo 𝑛). Since 𝐺 is a finite cyclic group of order 𝑛, without loss of generality, we consider 𝐺 = ℤ𝑛. 

Assume that ℤ𝑛 can be endowed with the structure of a cyclic 𝑅-module. This means that there exists 

an action of 𝑅 on ℤ𝑛, which we can write as 𝑟 ∗ [𝑔] for any 𝑟 ∈ 𝑅 and [𝑔] ∈ ℤ𝑛. 

Considering that we have an 𝑅-module ℤ𝑛, we know that there exists a ring homomorphism from 𝑅 

to the ring of endomorphisms of ℤ𝑛, denoted 𝜓 ∶ 𝑅 → Endℤ(ℤ𝑛). Since the composition of two ring 

homomorphisms is also a ring homomorphism, we need to show there is a ring homomorphism (or 

isomorphism) from Endℤ(ℤ𝑛) to ℤ𝑛 to construct a ring homomorphism from 𝑅 to ℤ𝑛. By Lemma 1, we 

know that the ring of endomorphisms of ℤ𝑛 is isomorphic to te ring ℤ𝑛. Let this isomorphism be 𝛾 ∶
Endℤ(ℤ𝑛) → ℤ𝑛 given by 𝛾(𝑓) = 𝑓([1]). Since we already have 𝜓 ∶ 𝑅 → Endℤ(ℤ𝑛), then 𝜙 = 𝛾 ∘ 𝜓 ∶
𝑅 → ℤ𝑛 is a ring homomorphism from 𝑅 to ℤ𝑛. The action of 𝑅 on ℤ𝑛 now can be written as 𝑟 ∗ [𝑔] =
𝜙(𝑟)[𝑔] where 𝜙(𝑟) ∈ ℤ𝑛 and 𝜙(𝑟)[𝑔] is a multiplication in ℤ𝑛. 

After we obtained the ring homomorphism from 𝑅 to ℤ𝑛 (which is 𝜙), we need to prove that 𝜙 is 

surjective (Im(𝜙) = ℤ𝑛). From the hypothesis we know that ℤ𝑛 is a cyclic 𝑅-module. This means there 

is a generator [𝑔0] ∈ ℤ𝑛 such that ℤ𝑛 = 𝑅 ∗ [𝑔0] = {𝑟 ∗ [𝑔0] | 𝑟 ∈ 𝑅}. By applying the previously 

defined action to the generator [𝑔0], we have ℤ𝑛 = {𝜙(𝑟)[𝑔0] | 𝑟 ∈ 𝑅}. This set must contain the 

element [1], thus, there exists 𝑠 ∈ 𝑅 such that 𝑠 ∗ [𝑔0] = 𝜙(𝑠)[𝑔0] = [1]. This means [𝑔0] must be a 

multiplicative unit and 𝜙(𝑠) must be its multiplicative inverse. Then, for an arbitrary element [𝑦] ∈ ℤ𝑛, 

there exists 𝑟[𝑦] ∈ 𝑅 such that [𝑦] = 𝜙(𝑟[𝑦])[𝑔0]. Since [𝑔0] is a unit, there exists [𝑔0]−1 ∈ ℤ𝑛 and we 

can multiply [𝑦] by [𝑔0]−1 to get [𝑦][𝑔0]−1 = 𝜙(𝑟[𝑦]). Since multiplication by [𝑔0]−1 is a permutation 

of the group ℤ𝑛 (a bijective function from ℤ𝑛 to itself), the set {[𝑦][𝑔0]−1 | [𝑦] ∈ ℤ𝑛} =

{𝜙(𝑟[𝑦]) | 𝑟[𝑦] ∈ 𝑅} is equal to ℤ𝑛. This implies Im(𝜙) = ℤ𝑛.Thus, the ring homomorphism 𝜙 ∶ 𝑅 →

ℤ𝑛 is surjective. 

 

(⇐) As before, to prove this theorem we will treat 𝐺 as ℤ𝑛. Assume there exists a surjective ring 

homomorphism 𝜙 ∶ 𝑅 → ℤ𝑛. We can define the action from 𝑅 to ℤ𝑛 as: 

𝑟 ∗ [𝑔] = 𝜙(𝑟)[𝑔] (1) 

for any 𝑟 ∈ 𝑅 and [𝑔] ∈ ℤ𝑛, where 𝜙(𝑟) ∈ ℤ𝑛 and 𝜙(𝑟)[𝑔] is a multiplication in ℤ𝑛. Then we need to 

prove that the action defined  in equation (1) satisfies the 𝑅-module axioms. 

Let 𝑟, 𝑠 ∈ 𝑅 and [𝑥], [𝑦] ∈ ℤ𝑛. 

i) 𝑟 ∗ ([𝑥] + [𝑦]) = 𝑟 ∗ [𝑥] + 𝑟 ∗ [𝑦] 
𝑟 ∗ ([𝑥] + [𝑦]) = 𝜙(𝑟)([𝑥] + [𝑦]) 

= 𝜙(𝑟)[𝑥] + 𝜙(𝑟)[𝑦] 
= 𝑟 ∗ [𝑥] + 𝑟 ∗ [𝑦] 

 

ii) (𝑟 + 𝑠) ∗ [𝑥] = 𝑟 ∗ [𝑥] + 𝑠 ∗ [𝑥] 
(𝑟 + 𝑠) ∗ [𝑥] = 𝜙(𝑟 + 𝑠)[𝑥] 
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= (𝜙(𝑟) + 𝜙(𝑠))[𝑥] 

= 𝜙(𝑟)[𝑥] + 𝜙(𝑠)[𝑥] 
= 𝑟 ∗ [𝑥] + 𝑠 ∗ [𝑥] 

 

iii) (𝑟𝑠) ∗ [𝑥] = 𝑟 ∗ (𝑠 ∗ [𝑥]) 
(𝑟𝑠) ∗ [𝑥] = 𝜙(𝑟𝑠)[𝑥] 

= (𝜙(𝑟)𝜙(𝑠))[𝑥] 

= 𝜙(𝑟)(𝜙(𝑠)[𝑥]) 
= 𝑟 ∗ (𝑠 ∗ [𝑥]) 

 

iv) 1𝑅 ∗ [𝑥] = [𝑥] 
1𝑅 ∗ [𝑥] = 𝜙(1𝑅)[𝑥] 

= [1][𝑥] 
= [𝑥] 

Since all axioms are satisfied, ℤ𝑛 is an 𝑅-module under this action. 

To prove that ℤ𝑛 is a cyclic 𝑅-module, we must find an element in ℤ𝑛 that acts as a generator. It 

means we want to show there exists an element [𝑔0] ∈ ℤ𝑛 such that 𝑅 ∗ [𝑔0] = {𝜙(𝑟)[𝑔0] | 𝑟 ∈ 𝑅} =
ℤn. Considering the element [1] ∈ ℤ𝑛, we have 𝑅 ∗ [1] = {𝜙(𝑟)[1] | 𝑟 ∈ 𝑅} = {𝜙(𝑟) | 𝑟 ∈ 𝑅} =
Im(𝜙). Given that 𝜙 is surjective, Im(𝜙) = ℤ𝑛. Therefore 𝑅 ∗ [1] = ℤ𝑛. This means ℤ𝑛 is a cyclic 𝑅-

module with [1] as its generator. 

∎ 

This proof has shown that the necessary and sufficient condition for a finite cyclic group of order 𝑛 

to be a cyclic 𝑅-module for an arbitrary ring 𝑅 is the existence of a surjective ring homomorphism from 

𝑅 to ℤ𝑛. Since the theorem contains an “if and only if” statement, we work in both directions to prove 

it. The argument applied the fundamental theorem stating that an abelian group can be viewed as an 𝑅-

module if and only if there exists a ring homomorphism from 𝑅 to its endomorphism ring. It also utilized 

the fact that the ring of endomorphisms of ℤ𝑛 is isomorphic to the ring ℤ𝑛. 

While the individual structures of cyclic groups and cyclic modules are well known, the exact 

conditions that connect them over an arbitrary ring 𝑅 are not always explicitly detailed in the literature. 

This paper fills this gap by proving a theorem that shows us these conditions. 

However, this theorem only applies to finite cyclic groups. It does not show the conditions for an 

infinite cyclic group, such as ℤ. This naturally raises a question: Can we construct similar conditions for 

an infinite cyclic group? The answer to this question would generalize the theorem that is presented 

here. 

To see how the theorem works, we now consider two examples. First, let 𝐺 = ℤ7 and 𝑅 = ℤ14. We 

will show there exists a surjective ring homomorphism 𝜙 ∶ ℤ14 → ℤ7. Define 𝜙([𝑥]14) = [𝑥]7. 𝜙 is a 

homomorphism because it satisfies 𝜙([𝑎]14 + [𝑏]14) = 𝜙([𝑎 + 𝑏]14) = [𝑎 + 𝑏]7 = [𝑎]7 + [𝑏]7 =
𝜙([𝑎]14) + 𝜙([𝑏]14) and 𝜙([𝑎]14[𝑏]14) = 𝜙([𝑎𝑏]14) = [𝑎𝑏]7 = [𝑎]7[𝑏]7 = 𝜙([𝑎]14)𝜙([𝑏]14) for all 

[𝑎]14, [𝑏]14 ∈ ℤ14. Then 𝜙 is surjective because ∀[𝑦]7 ∈ ℤ7∃[𝑥]14 = [𝑦]14 ∈ ℤ14 ∋ 𝜙([𝑥]14) =
𝜙([𝑦]14) = [𝑦]7. Since we found a surjective ring homomorphism from ℤ14 → ℤ7, it is guaranteed that 

ℤ7 can be a cyclic ℤ14-module. By the action 𝑟 ∗ [𝑔] = 𝜙(𝑟)[𝑔], we can see how an element of ℤ14 acts 

on an element of ℤ7. For instance [13]14 acts on [4]7 as  [13]14 ∗ [4]7 = 𝜙( [13]14)[4]7 = 13 ⋅ 4 =
52 ≡ [3]7. 

For the second example, let 𝐺 = ℤ5 and 𝑅 = ℤ8. Assume there exists a ring homomorphism 𝜙 ∶
ℤ8 → ℤ5. In the ring ℤ8, we can write [0]8 as [8]8 such that 𝜙([8]8) = 𝜙([0]8) = [0]5. We can also 

write [8]8 as the sum of [1]8 with itself eight times. 𝜙([8]8) = 𝜙([1]8 + ⋯ + [1]8) = 𝜙([1]8) + ⋯ +
𝜙([1]8) = 8 ⋅ 𝜙([1]8). Since 𝜙 is a homomorphism, we know that 𝜙([1]8) = [1]5, so 𝜙([8]8) = 8 ⋅
[1]5 = [8]5 = [3]5. But we also know that 𝜙([8]8) = [0]5. It means 𝜙([8]8) must be equals to [0]5 

and [3]5. This implies that [0]5 = [3]5 which is false. Therefore, our assumption is false and there is no 

such ring homomorphism exists and ℤ5 can’t be a cyclic ℤ8-module.  
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IV.  Conclusion 

This paper’s objective was to determine the necessary and sufficient condition for a finite cyclic 

group of order 𝑛 to be endowed with the structure of a cyclic 𝑅-module for an arbitrary ring 𝑅. This 

work has shown that such a structure exists if and only if there exists a surjective ring homomorphism 

from 𝑅 to ℤ𝑛, where 𝑛 is the order of the group. It implies that the conditions to view a finite cyclic 

group as a cyclic 𝑅-module depend entirely on the structure of the ring 𝑅, not the structure of its group. 

This result emphasizes the relationship between finite cyclic groups, rings, and cyclic modules, a topic 

that is often not explained in detail in the literature, thereby providing valuable theoretical clarity. 
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